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UNIFORM ANALYTICITY OF ORTHOGONAL PROJECTIONS

R. R. COIFMAN AND M. A. M. MURRAY

ABSTRACT. Let X denote the circle 7 or the interval [—1,1], and let du
denote a nonnegative, absolutely continuous measure on X . Under what con-
ditions does the Gram-Schmidt procedure in the weighted space L2(X,w?du)
depend analytically on the logarithm of the weight function w? In this paper,
we show that, in numerous examples of interest, logw € BMO is a sufficient
(often necessary!) condition for analyticity of the Gram-Schmidt procedure.
These results are then applied to establish the local analyticity of certain infinite-
dimensional Toda flows.

1. INTRODUCTION

Let X denote the circle T or the interval [-1,1], let du be a nonnegative
measure on X which is absolutely continuous with respect to Lebesgue mea-
sure, and let L(0) denote the complex Hilbert space L’ (X,du). Let w bea
nonnegative dpu-measurable function on X such that w” + wle L'(X ,du)
and let 8 =logw; clearly also 8 € L'(X ,du). Let L(f) denote the complex
weighted Hilbert space L’ (X ,w2 du) and, for each nonnegative integer »n, let
H (B) denote the closure of the polynomials (in the case X =T, trigonometric
polynomials) of degree at most n in L(B). Let S,(B) denote the orthogonal
projection of L(B8) onto H, (B). We wish to study the dependence of the fam-
ily of operators (S,(B):n € N) upon the functional parameter #. Each S, ()
is a bounded operator on L(f), which varies with #, so to facilitate our study,
we “lift” each operator S,(8) to L(0) by means of the operator M, of point-
wise multiplication by w, which is an isometry from L(B) to L(0). If we
define, for each nonnegative integer n, the operator Q, (8) = M_S,(B)M_, '
then we see that the L(0)-boundedness of Q,(f) is equivalent to the L(f)-
boundedness of S,(B), and the operator norms are equal. In fact, Q,(8) is
easily seen to be the self-adjoint projection of L(0) onto M H,(B) C L(0).

We would like to determine conditions on A under which the family of
operators (Q,(B)) depends analytically (in a sense to be made precise) upon
the functional parameter . In the specific examples which we consider, it is
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difficult if not impossible to write down the operators S,(8) and Q,(B) ex-
plicitly. On the other hand, the “base projection” S, (0) is an integral operator
whose kernel is comparatively easy to write down. Rather than study the oper-
ators (Q,(B)) directly, it is much more convenient to work with the family of
operators (P (B)) defined by

(1.1) P(B)=MS, (O)M,"

For each nonnegative integer n, P, (f) is an oblique (i.e., non-self-adjoint) pro-
jection from L(0) onto M H (B) C L(0), and its adjoint, Pn(/i)' , is simply
P(-B).

A remarkable formula due to Kerzman and Stein ([8]) shows that, in fact,
(Q,(B)) depends analytically on B whenever (P,(f)) depends analytically on
B . Moreover, the analytic dependence of (P, (8)) upon g is essentially equiv-
alent to a uniform weighted norm inequality of the form

(1.2) /X 1S, (0) £ (x) 0 (x)du(x) < C /X ()P (x)d ()

where C is a constant independent of n and f.

In addition, we would like to determine the “space of uniform holomorphy”
for the family (Q,(B)), i.e. the largest Banach function space on which the
family (Q,) is analytic at the origin. In practice, this amounts to determining
necessary and sufficient conditions on the function B such that

(1.3) / 1M, .S, (0)1/(x) du(x) < C / ) Pdp(x)

where M P is the operator of pointwise multiplication by g, and C is a con-
stant independent of n and f.

Our work in this paper has been inspired in part by the related work of
Coifman and Rochberg in [2], and by questions arising from the study of Toda
flows in infinite dimensions (see, for example, [4]).

In this paper, we consider a number of examples. In thecase X =T, du =
d@ , the uniform weighted norm inequality (1.2), and the uniform commutator
estimate (1.3), are equivalent to the same inequalities with S, (0) replaced by
the conjugate function. In this simplest example, the space of uniform holomor-
phy for (Q,(B)) is easily seen to be the space of functions of bounded mean
oscillation on T. In the case X = [-1,1], du = Lebesgue measure weighted
by a Jacobi weight, the uniform weighted norm inequality (1.2) follows from a
weighted norm inequality for the Hilbert transform. In this case, we prove that
(@,(B)) depends analytically on g when g is in a neighborhood of 0 in the
space BMO([-1,1]). As an application of this result, we show that the Toda
flow corresponding to the measure w(x)z'du(x) on [—1,1] is analytic in ¢ in
a neighborhood of the origin provided that f € BMO([-1,1]).

We conjecture that BMO([—1,1]) is the space of uniform holomorphy for
(Q,) in the case where du = Lebesgue measure weighted by a Jacobi weight.
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We consider the example X = [0,#], du = d@, S, = nth partial sum op-
erator for cosine series, and show that, in this example, BMO([0, z]) is the
space of uniform holomorphy for (Q,). From this result it is immediate that

the conjecture is true for du(x) = (1 - xz)'l/ 2dx . Classical equiconvergence
results for Jacobi series and cosine series (see [10]) suggest that the conjecture
is probably true in general.

2. UNIFORM ANALYTICITY OF PROJECTIONS: GENERAL SETTING

Let (X ,du) be a o-finite measure space; set L(0) = LZ(X ,du) . Suppose
that w is a nonnegative real-valued function such that o'+l e LI'OC(X ,du).

We write f =logw and observe that f € Llloc(X ,du). Let N denote the set
of nonnegative integers, and suppose that for each n € N, H (0) is a closed
subspace of L(0). We assume that

L(0,B) = L*(X ,(w* + @ *)du) is dense in L(0) and

H,(0,B8)=L(0,B8)NH,(0) is dense in H,(0), for each n € N.

We define the spaces:

L(B) = L (X ,w’dp),

Z(B) =bounded linear operators on L(f),

H, (B) = closure of H (0,p) in L(B), for each n € N.

We assume that the foregoing are complex Hilbert spaces.

For each n € N, let S,(B) € < (B) be the selfadjoint projection of L(B)
onto H, (B). We wish to study the dependence of the operators (S,(B):n €
N) upon the functional parameter f. To facilitate our study, we “lift” each
operator S, (f8) back to .#(0) by means of the operator M, of pointwise
multiplication by w, to wit: for each n € N, define Q,(8) = M_S, ()M, I
Then Q,(B) is the self-adjoint projection of L(0) onto M H, (B) € L(0), and
”Qn(ﬂ)”y(o) = “S,,(ﬂ)“y(p) .

We would like to formulate a clear conception of the “analytic dependence”
of the family of operators (Q,(B):n € N) upon the functional parameter f.
To this end, we make the following definitions.

Definitions. Let B be a real Banach space, .(H) the space of bounded linear
operators on a complex Hilbert space H. For n € N, let T,: B — £ (H) be
an operator-valued function on B.

(a) (T,:n € N) is said to be uniformly (real-) analytic in a neighborhood of
0 in B if and only if there is a constant C > 0 such that, whenever b € B
with ||b]|; < C and whenever f € H, we have

(2.1) T,b)f =) A, ,(b,....,b,f), forallneN,
k=0

where A, , is a bounded, (k + 1)-multilinear operator from B"xH - H
which satisfies an estimate of form

(2.2) 1A (b oo b Dl < Co T N1BIG 1Al
where C; is independent of b, f,n,and k.
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(b) Let B denote the complexification of B. (T,:n € N) is said to be
uniformly holomorphic in a neighborhood of 0 in B if and only if there is a
neighborhood of 0 in B to which each 7, can be extended, and there is a
constant C > 0 such that, whenever b € B with ||b||; < C and whenever
f € H, we have (2.1) and (2.2) with ‘B’ in place of ‘B’.

(c) B is called the space of uniform holomorphy at 0 for the family (7,:n €
N) if and only if (7,) is uniformly holomorphic in a neighborhood of 0 in B
and a necessary and sufficient condition for

(2.3) Sl:pHAn’l(b ’°)“.‘Z(H)

to be finite is that b€ B.

We pause to observe that the operator A, ,k(b ,...,b,) occurring in (2.1)
is just the kth Gateaux (or Frechét) differential of T, at 0 in the direction b
(see, for example, [1, Chapter 2]). We give one equivalent formulation of the
notion of uniform holomorphy in terms of Gateaux differentiability, which will
be useful in practice.

Proposition 2.1. Let B be a complex Banach space, .2 (H) the space of bounded
linear operators on a complex Hilbert space H. For ne N, let T,:B — . (H)
be an operator-valued function on B. Then(T,) is uniformly holomorphic in a
neighborhood of 0 in B if and only if there exists a neighborhood U of 0 in B
on which each T, is Gateaux differentiable and there exists a constant C such
that for all n e N and for all B U, ||Tn(ﬂ)||_7(H) <C.

Proof. The proof is an easy modification of the proof of Theorem 2.3.3 of [1]
and will be omitted. O

We can now formulate our general problem precisely, as follows: we wish to
identify the space of uniform holomorphy at 0 for the family (Q,:n € N). In
practice it is often difficult to characterize the projections S, (8) and Q,(8);
it is much more convenient to work with the operators (P, (f):n € N) defined
by

(2.4) P(B)=M,S,(0)M," .

For n € N, P,(B) is an oblique projection from L(0) onto M H (B) with
adjoint Pn(ﬂ)‘ = P (—p). The formula of Kerzman and Stein (see [8, §3.4])
makes it possible to deduce the uniform holomorphy of (Q,) from that of
(P,), and greatly simplifies the computation of the Gateaux differentials of the
operators (Q,):

Proposition 2.2 (Kerzman-Stein Formula). Let H be a complex Hilbert space,
K a closed subspace. Let Q be the self-adjoint projection of H onto K, and let
P be a bounded oblique projection from H onto K. Then:

(a) I+ (P — P") is invertible.

(b) Q=P+ (P-P)]';
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(c) whenever c, and M are positive constants with ||P — P*|| < ¢, and
M > L(c2 = 1), the series

MI—(P-PH]*
(2.3) {M+IZ[ M+1 ]}

converges in the operator norm topology to Q.

Proof. The operator P—P" is skew-adjoint, so its spectrum is purely imaginary.
In particular, —1 is not in the spectrum of P — P*, from which (a) follows.

Clearly QP = P and PQ = Q. Now let h € H and let (-|-) denote the
inner product on H. We have

(2.6) (QP*h|h) = (P*h|Qh) since Q" = Q
= (h|PQh)
= (h|Qh) since PQ =Q
= (Qh|h) since Q" = Q.
Hence QP" = Q; consequently
(2.7) P=Q+(P-Q)=Q+(QP-QP")=QlI +(P-P")]

whereupon we obtain (b).

It is tempting to expand [/ + (P — P"‘)]"l in a Neumann series, but we do
not know that ||P — P*|| < 1. Instead we proceed as follows. For any constant
M >0, we have
(2.8) I+(P-P)=I+MI-[MI-(P-P")]

MI - (P-P")
1+ M

Recall that, if S* =S, T°=—T,and ST =TS, then
2 2 2
IS+ T < |ISII” + ITII".

=(1+ M) [1-

Thus

M4 ||P-P |

MY+2M +1
which is less than 1 provided ||P—P*|* <2M +1,ie, M > %(||P—P'||2— 1).
In particular, if M > %(cg — 1), we see that

(2.9) ” M1

1+ M

MI—(P-P"
(2.10) 0= P{M+l I- 1+M }

may be expanded in a Neumann series to give (2.5). O
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We obtain, as an immediate consequence, the following:

Corollary 2.2.1. With (P ) and (Q,) as in the foregoing discussion, let B be
a real Banach function space on (X ,du) such that (P,) is uniformly holomor-
phic in a neighborhood of 0 in B. Then (Q,) is uniformly holomorphic in a
neighborhood of 0 in B. O

The mappings P, may be extended to complex-valued functions in a straight-
forward way: if f =a+ ib is complex valued, we define, for n € N,

(2.11) P (B)=P(a+ib)=M,P (a)M,_,.

If P (B) is a bounded operator on L(0) for all # in a neighborhood of 0 in
B, then the series (2.5) may be used to extend Q, to complex-valued functions
in a natural way, such that (by Proposition 2.2(b))

(2.12) Q,(B) =P, (B + (P,(B)— P,(-A)I"'

Now let us compute the first Giteaux differential at 0, in the direction f € B,
of P, and Q,. We have

d

(2.13) P,(sB) - { 1S, (0)M,_, } L
{M M,,S (OM,_, — M,,S, (O)MﬂMe_s,,} B
= (M, ,5,(0)].
Thus, by (2.12), we have
d d d
(2.14) EQ,,(S/?) . P (sB) T P,,(O)E

=M, ,S,(01- 5, {(M, ,S,(0]+[M,,S,0)]}
= {I-25,(0)}[M,,S,(0)].
In light of these calculations we obtain

Corollary 2.2.2. Let B be the complexification of a real Banach function space B
on (X ,dp), and suppose that (P) is uniformly holomorphic in a neighborhood
of 0 in B. Then:

(a) B is the space of uniform holomorphy at 0 for (P,) ifand only if B € B
is a necessary and sufficient condition for

(2.15) sup{ll[MB ,Sn(O)]H_?(O): n € N} < oo.

(b) B is the space of uniform holomorphy at 0 for (Q,) ifand only if B € B
is a necessary and sufficient condition for

(2.16) sup{||{1 - 25,,(0)}[M; , S, (0)]| 3 0:n €N} <c0. O

In practice it is frequently the case that the base projections (S, (0)) are given
by integration against a kernel. In this case, the uniform holomorphy of (P,)
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in a neighborhood of 0 may be reduced to the problem of obtaining a uniform
weighted norm inequality for the base projections. This is a consequence of the
following general result:

Proposition 2.3. Let B be a real Banach function space on (X ,du). Let
(K,(0):n € N) be a family of integral operators in £ (0), and suppose that,
for all n € N, there exists a kernel D, (x,y) such that, for f € L(0) and
xXeX,

(2.17) (K, (0)f}(x) = /X D, (x ) f()du().

For each f € B, define K,(B) = M,,K,(0)M,_, . Then the following are equiv-
alent:

(a) (K,) is uniformly holomorphic in a neighborhood of 0 in B.

(b) There exist constants J,, C, > 0 such that, for every n € N and for all
B € B with ||B|lz < 6,,

(2.18) K, (Bl z) < Co-

Proof. That (a) implies (b) is evident from Proposition 2.1. Now suppose (b)
is true. By virtue of the fact that, for all a € B, the operator of multiplication
by e'* is an isometry of L(0), it is clear that (b) continues to hold with ‘B’
replaced everywhere by ‘B’. Thus, by Proposition 2.1, it suffices to show that
each K, is Gateaux differentiable in a common neighborhood of 0 in B. Our
proof follows an idea of Coifman, Rochberg, and Weiss (see [3, §2]; see also [5,
Chapter 4, Note 7.12]).

For B, fe€L(0),and x € X we have

(2.19) {K,(B)S}(x) = /X exp(B(x) — B()D,(x ., ) f(¥)du(y).

If a € B, then the first Gateaux differential of K, at a in the direction g is
given by

(2.20) {%Kn(a +zB)f } (x)

- /X (B(x) - B()) exp{a(x) — a(y)

+2z(B(x) = BONID,(x,»)f(y)du(y).

Now let a,f € B with |la|lg < J,/2 and [|B]lg < (6,/2) — |lallg. For 6 €
[0,2n], define the operator

(2.21) K, ,=K,(a+(z+e")p).
Now we have
(2.22) lla+ (z +e” )Bllg < llallg + (1 +12])[1Bllg

<llallg + (1 +12){(6,/2) - llellg}
= (1 +2)(8,/2) — |z l|ellg
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which is less than J, provided |z| < 1. Consequently, for |z| < 1, we have
“Kn ,0”_';?(0) S CO .
Now we claim that, for |z| < I,
(2.23) dz 2n
In view of (2.19)-(2.21), we see that, to establish (2.23), it suffices to show that

2n . .
@24 5 [ exnle” () - B0 = B - BO).

But note that, if 4 is a complex constant,

1 2n 9, —if 2” —10
(2.25) o / exp(de'”)e”""do = Z / do=A.
0

Letting A = B(x) — B(y) in (2.25), we obtam (2.24).
From (2.23), we see that, for |z| < 1,
d
—K, (a+ zﬂ)

2n
2 < 2n/ 1K, ol 06 < C.

From this we conclude that each K" is Gateaux differentiable on the open ball
of radius 6,/2 in B. O

With an additional assumption regarding the strong convergence of the op-

erators (K, (fB)), we obtain the following useful result:

Proposition 2.4. Under the hypotheses of Proposition 2.3, let us make the ad-
ditional assumption that there is an operator K_(0) € £ (0) such that, for all
B in a neighborhood of 0 in B, K, (B)— K_(B) converges to O in the strong
operator topology on £ (0) as n — oo, where K_ () = M_,K_(0)M,_, . Then
the following are equivalent:

(a) There exist constants 8,, C, > 0 such that, for all n € N and for all
B € B with ||Bll < d,, inequality (2.18) holds.

(b) There exist constants 6, , C; > 0 such that, forall B € B with ||B||z <9,,

(2.27) 1Ko (Bllpo) < C, -
(c) (K,) is uniformly holomorphic in a neighborhood of 0 in B.

Proof. The equivalence of (a) and (c) is simply Proposition 2.3. The equiva-
lence of (a) and (b) is the essence of a remark made by Garnett [6, p. 109]. We
give the details.

Suppose that (a) holds. Let ¢ > 0 and g € B with ||B||, < J,. For every
f € L(0) we can find N > 0 such that » > N implies

(2.28) K, (B) ~ Koo (B)} 1l 0, < &

Then, for such n, we have

(229)  IKo(B) N0 < 1K, (B) = Koo (B}l 0) + 1K, (B) 1l
<&+ Gl o)

2n .
9k a+zp) =~ [ K e 0.
.

(2.26) '
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Since ¢ was arbitrary, we see that (b) is true with §, =J, and C, = C,,.

Conversely, assume that (b) is true. Let ¢ >0 and g € B with ||B]|; <4, .
For every f € L(0) we can find N > 0 such that » > N implies (2.28). For
such n, we have

(230) 11K, (B) N0y < KK (B) = Koo (B)} Al 0) + Koo (B) A 0
<&+ ClIfllL)-
Thus the family of operators {K,(8):n € N, B € B,||B|lz <4,} is “pointwise

bounded” on L(0). Then (a) follows from the principle of uniform bounded-
ness. O

3. UNIFORM ANALYTICITY ON THE CIRCLE

In this section we apply our work in §2 to the case of trigonometric poly-
nomials on the circle, T. We parametrize T by the interval [-z,n), and let
L(0) = L’ (T) = Lz([—n ,m),d6), where d6 isordinary Lebesgue measure. Let
w be a nonnegative weight function on T such that w+wle Ll(T) , and
write B = logw . For each integer k, define the function e, by ¢,(6) = e'r? .
We define, for » € N, the space

(3.1) H, (0) = span(e,:|k| < n)

of trigonometric polynomials of degree at most »n; we define L(B), -Z(B),
H,(B), etc. as in §2. We note that the base projections (S,(0):n € N) are
simply the partial sum operators for Fourier series, defined by

(3.2) S,00f =Y flke,

k=—n

where, for each integer k, f (k) 1s the kth Fourier coefficient of f, given by

(33) f00 =5 [ @010
and thus
(3.4) > fke,

k=—o00

is the Fourier series for f. The operator S, (0) is an integral operator, given
by

(33) 8,000 = 5- [ D0, w1w)dy
where D, (6 ,y) is the Dirichlet kernel, given by
(3.6) D6, W)= Y e@)e_y(v) = G+ 5]

k=—n sin (0_—21)
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(see, for example, [10, p. 12]).

We shall show that, in this example, the space of functions of bounded mean
oscillation on T is the space of uniform holomorphy at 0 for the families (P,)
and (Q,).

We adopt the convention that I is a subinterval of T if and only if it is a
subinterval of [~z ,7) in the usual sense, or it is the union of an interval of
the form (c,n) or [c,n) with an interval of the form [-=#,d) or [-n,d],
with —m < d < c < m. We let |I| denote the Lebesgue measure of I. If
be L'(T) =LY ([-n ,m),d68), we define the mean of b on I to be

(3.7) m,(b) = 1| /,b((a)do.

The function b is said to have bounded mean oscillation on T if and only if
the quantity

(38) - [1bll, = supl1™" [ 16(6) - m(1)IdB = supm,(1b - m,(B))
1 1 I

is finite, where the supremum is taken over all subintervals I of T. The space
BMO(T) of real-valued functions (modulo constants) having bounded mean
oscillation on T is a Banach space with ||-||, as its norm. For ease of notation
in this section we shall refer to BMO(T) as simply BM O its complexification
will be denoted by BMO.

To begin, we shall show that (P ) is uniformly holomorphic in a neighbor-
hood of 0 in BMO, from which it follows that the same is true of (Q,),
by Corollary 2.2.1. By Proposition 2.3, the uniform holomorphy of (P,) in a

n
neighborhood of 0 in BMO is equivalent to a uniform estimate of the form

(3.9) 1P, (B)ll ) < Co forall B € BMO with [|B]], <,

where C,,d, are constants independent of n.

We can, in fact, characterize the weight functions w = e? for which
(12, (B 3(0)) is uniformly bounded in n. Recall that the weight w is said to
belong to the class A4, if and only if

(3.10) sup m,(@)m,(w”") < oo
1

where the supremum is taken over all subintervals I of T. The quantity (3.10)
is called the A4, constant of w. We have the following result:

Proposition 3.1. The quantity sup(||P,(B)llz):n € N) is finite if and only if
w’e A4,.

Proof. The proof is analogous to that of [5, Corollary 3.12, Chapter 4]. The
idea is to exploit the relationship between S, (0) and the orthogonal projection

P, of L(0) onto the Hardy space Z’f ={f e L(0): f(k) =0 for k <0}.
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Consider the operator 7, =¢,S,(0)e_, . A simple computation shows that,
for fe L(0),

2n
(3.11) T.f =) f(ke,.

k=0
Moreover, as n — oo, T, — P,_ in the strong operator topology on .#°(0). By a
slight modification of the proof of Proposition 2.4, it follows that
sup(lleT”M;lH_?(O):n € N) is finite if and only if MwaLM;l € Z(0). By
virtue of the relationship between P, and the conjugate operator (cf. [6, p.
108]), we see that MwP+M;l € Z(0) if and only if w’ € A, (see [7]). Now
note that
(3.12) P(B)=M, M,T,M,'M, ;
moreover, Mek is an isometry for each integer k. Consequently, for each
integer n,
(3.13) 1B, (B)ll 0y = 1M, T, M, | 0,
from which the result follows. 0O
Corollary 3.1.1. (P ) and (Q,) are uniformly holomorphic in a neighborhood
of 0 in BMO.
Proof. There exist constants J,, C > 0 such that, if # € BMO and |||, <
d, , then wle A,, and the A4, constant of @’ is less than or equal to C (see
[5, Chapter 2, Corollary 3.10 and Chapter 4, Corollary 2.18]). For = A,,
the .#(0)-norm of M P M ! depends upon the 4, constant of w? ; S0 by the
proof of Proposition 3.1, we obtain (3.9), from which the corollary follows. O

Next, we would like to show that BMO is actually the space of uniform
holomorphy at 0 for (P ) and (Q,). A simple computation shows that I —
25,(0) is an isometry of L(0) for each n € N; so, by Corollary 2.2.2, it suffices
to show that f € BMO is a necessary and sufficient condition for boundedness
of the set {||[M 5 >5,(0)]ll g ): 7 € N}. We have the following:

Proposition 3.2. There exist constants C, ,C, > 0 such that for all g € Ll(T) ,
(3.14) CiliBll, < sup|[M, , S, (0]l g < GBI -

Proof. The existence of C, with the desired property follows from the fact that
(P,) is uniformly holomorphic in a neighborhood of 0 in BMO. Therefore it

suffices to prove that there exists a constant x > 0 such that, forall 8 < L'(T),
(3.15) l1BIl, < usup|i[My,S,(0)]ll 7 -

Let I be a subinterval of T and let § € [-n,n). Define the function
fo = fl,o . by setting, for y € [~ ,7),

(3.16) f,,(q/)=2isin<0 zw)exp [i(2n+ 1)0—‘2—”’] 1),
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Observe that, by (3.6), when y €1,

(3.17) D,(6,¥)f,(w) = 2isin [(Zn +1)? - ”’] exp [i(2n + 1)9—;—"’] 2w

= 2icos [(Zn + 1)0 ; W] sin [(Zn + 1)2:2£] x(w)

— 2sin’ [(Zn + I)Q_TV{] 2 (v).
In view of the fact that
(3.18) exp[i(2n + 1)(6 — )]
=1-2sin’ [(Zn + 1)9—‘21]

+ 2icos [(2n + 18 > “’] sin [(2n + 1)?_;_‘/’] ,

we obtain, for y €1,

(3.19) D,(6,v)fy(w) = (exp[i(2n + 1)(6 — w)] - 1)x,(v).
Consequently, by (3.5) and (3.19),

(3.20) {[M,,S,(0)]5}(6)

- 51; / " {expi(2n+ 1)(0 - ) — 1MB(O) - B, (W)

—n

= o= [ explian + 10 - wBO) - By w)dv
— 5 [ 86 - By

= %/” exp[i(2n + 1)(6 — ¥)1(B(6) — B(W)x,(W)dy

—n

1
= 57 111(B(6) —m;(B)).

Now note that

(3:21) - [ expliczn+ 16 - WIBO) - BN, (Wdw

—-n

= expli2n + D61 {4(6) - 31 [ expl-iC2n -+ Dl (widy

“zl? /_ n exp[—i(2n + 1)V/]ﬂ(w)x,(v/)dw}

= expli(2n + 1)01{B(6)3,(2n + 1) — Bx,(2n + 1)} .
Consequently, by (3.20) and (3.21),

(3.22) {IM,,S,(001f,}(6) = expli(2n + DOHB(O)Z,(2n+ 1) - B, (2n + 1)}
~ S IT(B(O) ~ m(B)).
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Letting

(3.23) g,(0) = x,(0) expli(2n + )OKB(O)Z,(2n + 1) — Bx,(2n + 1)},

(3.24) £(0) = 5-|1I(B(O) ~ my(B)),

we see that

(3.29) | i, .5, 01)0)1a0 = lg - g,

Now

(3.26) llgll, < 1%,n+ DI, + 1Bx,2n + DI 1]

the right-hand side of (3.26) tends to 0 as n — oo, by the Riemann-Lebesgue
lemma, so lim,___||g,||, = 0. Consequently, by Fatou’s lemma,

(3.27)  lim |{[Mﬂ,Sn(0)]f0}(0)|d0=||g||,=—1—|I| |B(6) —m,(B)|d6.
n—oo [; 2n I

Thus (3.15) follows, once we prove an estimate of the form

(3.28) Tim / HIM, .S, (0)11,}(8)|d6 < -—,uC|I|
where
(3.29) C = suplltMty 5,00l

and u is a constant independent of # and I.
Now we have

(3.30)
{IM, ,S,(0)1/,}(6)

= 2 [ 2.0.w)B6) - BNy

=3z || D.(©.w)86) - wy2isin (13)

—n

. 60—y
X exp [z(2n + I)TW x(wdy

= 2iexp [i2n+ )5 |32 [ D(6.w)86) - Bwnysin (1Y)
% x(w)dy

X exp [—i(2n +1)
so that
(3.31) (M, S,(0)1/,3(6)]

=2.i%/_”npn(e,w)(mo)—ﬂ(w))sin(GEW)

X eXp [—i(2n + l)%] x,(w)a’w' .
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Now suppose I is a subinterval of T which is also a subinterval of [-7,7) in
the ordinary sense, and let y, denote the ordinary midpoint of 7. (If I isa
subinterval of T comprising two disjoint subintervals of [-7 ,7), we need to
make minor adjustments to the argument.) Now, we write

(3.32)

sm( 5 >_s1n( 5 )
= sin 9~ % cos (Lo =Y 1 cos 0 - v sin (=¥
2 2 2 2 ’

so that
6 —
(3.33) M, .5,014)O) < 2 sin (= %) 1, sgmmgwﬂ
9
+ 2 |cos < ){[ Sn(O)]hz}(O)\
where
(3.34) h, () =cos<%2_ ”’)exp [~in+ 1)%] L),
(3.35) h,(w) = sin ("’OE “’) exp [—i(Zn + 1)%] x,(¥)

Now, for a € R, we have |sina| < |a|cosha, so that, for v ,0 €1,

-y

(336) (v <|Xe

0 —
sin( 2%) <

cosh (WO; W) < l(coshzz)l'//o -yl
0-¥%
2

6
(3.37) cosh ( 2“’0) 5(coshm)|6 = |-
Thus, by Schwarz’ inequality, (3.33) and (3.36),

1
if,'“Mp ,8,(0)1£,}(8)|d0

7 IR 12
< (/1 sin <—7—°> d0) I[My . S, (0]l

(3.38) +<[cm<0;%>2

12
(cosh 7) (/w vl de) Cliky |1, + 1112 Clim I

172
cM) LM, , S, (O)h, I,

[ NI'_'
Nu

2 1/2
(cosh m)|I[2Cllh,|I, + 111" Clihy .

cos (V=¥ \[
2

We have

(3.39) lly= ([

12 12
dw) <",
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el = ([ fin (252 4v) "

< %(cosh n)( /1 v — wlzdw)llz
= g(cosh 1:)|I|3/2 ,
so that
(3.41) [11M, 5,017 @)1d6 < G cosmmcr
whence
ead  Jm [ KM, S,01H000 < 7 M%’”‘] cir,

which is (3.28), with u = (2nv/3coshn)/3. This completes the proof. O
The following corollary is immediate.

Corollary 3.2.1. BMO is the space of uniform holomorphy at O for (P,) and
(Qn) * D

4. UNIFORM ANALYTICITY ON [—1,1] IN A NEIGHBORHOOD
OF A JACOBI WEIGHT

In this section we consider an example on the interval [-1,1]. For y,d >
—1, we define the Jacobi weight with parameters y ,d , by

(4.1) w500 =(1-x)(1+x)°.
Our basic Hilbert space is
(4.2) L, ;0) = LY([-1,1], 0} ;(x)dx),

and we shall denote the orthogonal projection onto polynomials of degree < n
in L, ;(0) by S,’: "’(0) . We shall make a small multiplicative perturbation of

28

wi 5(x)dx by a nonnegative weight function ’=e , where

43 o'+ ’eLl'(-1,1],0) ;x)dx), BeL'(-1,1],dx).
The corresponding Hilbert space is
(4.4) L, 5(8) = L*([-1,1], 0] ;(x)0’(x)dx).

This orthogonal projection onto polynomials of degree < n in Ly ) 5(B) will be
denoted by S?°(B). Setting

(4.5) QB =M’ (BM]",
(4.6) PPB) =M O0M",
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we conjecture that the space of functions of bounded mean oscillation on
[-1,1] is the space of uniform holomorphy at O for the families (Q,’; ,5> and
(P ) whenever 7,6 > —1. In fact, we shall show that Q! ) and (P %) are
uniformly holomorphic in a neighborhood of 0 in BMO([—1,1]) whenever
y,0>—3.

We pause to remark that the operator SZ "S(O) is the nth partial sum operator
for Jacobi series with parameters y,d ; it is an integral operator whose kernel
may be expressed in terms of the Jacobi polynomials (Py "”(x): n € N), which
form an orthogonal polynomial system in L, 5(0) (see [10, Chapters 3 and

4]; see also [9]). Making use of Christoffel-Darboux formulas for S,f ’6(0) , it is
possible to reduce the problem of obtaining uniform weighted norm inequalities
for SZ ’6(0) to that of obtaining weighted norm inequalities for the Hilbert
transform, as we shall see.

We begin with some terminology. A function b € Ll([—l ,1],dx) is in
BMO([-1,1],dx) if and only if

(4.7) 161 = sup 11" [ 16(6) - m, ()0
1 I

is finite, where the supremum is taken over all subintervals I of [-1,1].
BMO([-1,1],dx) is a Banach space of functions (modulo constants). The
space of real-valued functions in BMO([—1,1]),dx) will be denoted by
BMO([-1,1],dx); we will use the abbreviations BMO and BMO. A non-
negative weight function @ belongs to the class 4, if and only if

(4.8) sgp m,(w)m,(w_l) < 00

where the supremum is taken over all subintervals I of [—1,1]; the quantity
(4.8) is called the 4, constant of w.

By analogy to the notatlon of §2, we let _9” 5(0) denote the Hilbert space of
bounded linear operators on L, ;(0). We w1sh to obtain a uniform estimate of
the form

(4.9) 1B (Bl o) < C

which is valid for all # in some neighborhood of the origin in BMO. Note
that the estimate (4.9) is equivalent to an estimate of form

~1 —1”

w Pl w _?(0) -
where . (0) = 0’0(0) , which is valid for all 8 in some neighborhood of
the origin in BMO. In order to prove an estimate of this form, we need the
following lemma.

(4.10) HM M, SI°0)M

b

Lemma 4.1. Suppose wle A, . Then there exist constants 6, ,C > 0, depending

only upon w, such that for all B € BMO with ||B||, <J,, e*Pw? is also in
A, with an A, constant less than or equal to C .
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Proof. We make use of the following characterization of 4,: a function ¢ €
L ([-1,1],dx) is the logarithm of A4, weight if and only if the quantity

(4.11) sup|1|”" / exp(lp(x) — m, (p)])dx
1 1

(where the supremum is taken over all subintervals I of [—1,1]) is finite; the
quantity (4.11) is equivalent to the square root of the 4, constant of e’ (see
[5, Chapter 4, Theorem 2.17 and Corollary 2.18]).

Now suppose w’e A,;let f=logw. By [5, Theorem 2.7, Chapter 4] there

is a constant & > 0 such that w?™ e A, . Consequently, if I is a subinterval
of [-1,1], we have

@.12) |1 /, exp(|(28 + 2/)(x) — m, (2B + 2.))dx
— /, exp[28(x) — m, (2B)| exp 2/ (x) — m, (2 |dx

e/(2+¢€)
< </I[CXP|2ﬂ(x) - ml(zﬂ)”(Zﬂ)/edx)
2/(2+¢)
X (/I[exp|2f(x) - ml(zf)“(2+e)/2)

= (i [lemo| (222 80x) - my () dx>e/(2+e>

4

2/(2+¢)
x (lll“ [exwi2+ase —m,(f))ldx> ’

by Hoélder’s inequality. Now, there exist constants J,,C > 0 such that, if
¢ € BMO and ||g||, < J,, then €’ € 4,, with an A4, constant less than
or equal to C (see [5, Chapter 2, Corollary 3.10 and Chapter 4, Corollary
2.18]). Taking &, = &d,/(2 +¢), then ||((2 +¢&)/€)B|l, < 6, when [|B]|, <4, .
Consequently, if ||B]|, < J, then (4.12) will be dominated by a constant which
depends only upon w and which is independent of I. The result follows. 0O

We can now prove:

Proposition 4.2. Let y,6 > —4. Then there exist constants C, 6, > 0 such that
forall neN and for all € BMO with ||B||, <9,,

¥ -1, -1
(4.13) IM, M, S, ()M, ;M |0 < C

where w = e* .

Proof. We make use of Muckenhoupt’s work in [9]. First of all, we note that,
for feLM(O),

1
(4.14) ;207 = [ K0S 010 400y,
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where
n
0 0 0 O)n—
(4.15) K’ (x,9) =3 PP 0PN
j=0
Thus we have, for f € L(0),
(4.16)

w(x)

Wf()’)d%

MM, S, OM; M, 0 = [ ll K’ (x 9o, s(X)0, )
Using estimates from [10], Muckenhoupt writes
417 K (x,y)=A(n,y,8)H *(n;x,)
+B(n,y,OH *(n;x,y)+ H  (n;y,x)]

where |A(n,y,d)|, |B(n,y,d)| are bounded above by a constant independent
of n,and

0 , K
(4.18) H ’(n;x,y) = (n+ P2 (x) PV (),
2\ p(y.,9) (y+1,0+1)
3 n(1 —y?) P79 (x) P94 ()
(4.19) H}(n;x,y) = n P n-l :

The Jacobi polynomials satisfy
(4.20) PV Vx) = (-1)"P" D (-x), xe[-1,1]

(see [10, p. 59, (4.13)]); moreover, there is a constant K(y,d) such that, for
neN,

@21)  |P"x) <K@, o)n P —x+nH)TVE xel0,1]

(see [9, equation (2.2)] and [10, Theorem 7.32.2]). We shall use (4.20) and
(4.21) to estimate

)

1
@) T = [ B mix e, (000, 0020 f0)dy

for j=1,2,and

1
@23) S = [ Py e, 00, 00503 70)d.

We shall begin by considering the operator T2" ,‘,‘f in some detail.
Note first that, for n€ N and x,y € [-1,1], we have

S, . P w(x) 1
424 H(n;x,p)o, j(x0)0, ;) = b (n;x)b) (n;y) —— e
where
(4.25) wix)=(1-x)""*,
(4.26) b0 (nx) = (1-x)"*" +x)"/2+'/“n'/21>,? (x),

0 2+3/4 0/2+3/4 2 1,0+1
4.27) B 0(nyy) = (1 =) PP (14 )" 2P 0Dy
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We shall restrict our attention to n > 2 (for n = 0,1 we need only consider
operators of the form T7'; T} and S}, need not be considered).
For x € [-1,0], (4. 20) and (4.21) 1mply that

(4.28) 677 (n;x)] < (1= %) 41+ )" K (6 y) (L4 x + 07707,
since § > —1, we have 6/2+1/4 >0 so that
(4.29) 17 (n;x)| < (1—x)" K (y,0) < 27K (8, ).
For x €[0,1], (4.21) implies that
(4.30) 6] (n;x)| < (1= x40+ )P K (y,8)(1 = x + 02T,
since y > —1, we have /2 +1/4 >0 so that
(4.31) 167 °(n;x) < (14 %) K (y,6) < 227K (7, ).
Similarly, for y € [-1,0], (4.20) and (4.21) imply that
(4.32) B} 2(n;) < (1= )PP 4 )20 Py = )12
x K@ +1,y+ D[ +y+(n—1)"2%23%
<2'PK@+ 1,7+ 1)1 - p)H
x L+ 4y + (n - 1))

since d > —1, we have §/2+3/4>1/4 >0, so that

—6/2— 3/4

(4.33) |B2°(n;p) < 2 K6 +1,p+ 1)(1—p)? 4 < 2P K511,y 41).

For y €[0,1], (4.21) implies that

(434) 'b;,é(n;yn S (l _y)y/2+3/4(1 + )5/2+3/4 l/Z( 1)—1/2
xK(y+1,0+ D[ —y+(n-1)"2777304

S 21/2K(}’ + 1 ’5 + 1)(1 +y)¢$/2+3/4(1 _.y)y/2+3/4
x[L=y+(n—1)"27727%4,
since y > —1, we have y/2+3/4>1/4 >0, so that
(4.35) 1B (n;p) < 2K (41,8 + 1)1+ < 229K (11,6 +1).

Consequently, the functions bjy ";(n ;*), J = 1,2, are uniformly bounded for
n > 2. Letting Mj"j denote the operator of multiplication by bj’.’ "5(n;-), we
have

(4.36) sz,’,',sf M] J(M HM,, )M;:X[ it/

where H denotes the Hilbert transform. Now it is easily seen that w? isan A,
weight; by Lemma 4.1 there exist constants J,, C > 0 depending only upon
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w such that if g € BMO with ||B||, <4, then (co'w)2 is also in 4, with an
A, constant depending only upon w . Consequently, for ||B|[, <4,

(4.37) 1M, HM [l 50y < €

where C is a constant depending only upon w (see [7]). From (4.36) and
(4.37) it follows that ||T; "f |l () is bounded by a constant independent of n
and B.

The analysis of S; :i (for n > 2) is similar. It can be seen without difficulty
that

-1

) . _ y,0 . y.,0 . w (x) 1
(4'38) H2 (n,y,x)w},ya(x)w},’é(y') —b2 (n "x)bl (n,y)w_](y)y_x
so that
(4.39) S;‘if= _sz,’f(Mww-'HMww ')My JX[ 1 llf

since w2 is an A, weight, applying Lemma 4.1 as before shows that for
18I, <6,, IS} ‘5|| _7(0) is bounded by a constant independent of n, S .

The analysis of T, l " is somewhat easier. Since y,d > —- , it is easy to see
that for x,y€[-1,1], n€N,
P
(4.40) |H) *(n;x, )0, s(x)o, ;()] < C(7,8)wx)w(y)
where C(y,d) is independent of n. Then, by (4.22) and (4.40),

(4.41)

/_ 77 f(x)Pdx < C(7,6) / ‘ / W)W ox)o)” f(y)dy dx.

Letting / =[-1,1], b =logw, we may write

(4.42) w(x)w(y)ox)oy)” =expl(b + B)(x) - m,(b+ B)]
x exp[(b — B)(y) — m,(b — B)]exp[m,(2b)].

Then, by (4.42) and Schwarz’ inequality

2

(4.43) yox)oy)” f»)dy| dx

< exp[m,(4b>1 : ( [ exvizd + 1) - m 26 + /f))]dx)
x ([ exotate - B9 (206 - B0y )11l

When [|8]|, < 6,, we have w’w’ and w? w = A, , so the right-hand side
of (4.43) is boundcd by a constant times ||f’ || L0)> where the constant depends

only on w. Thus ||B||, < J, implies that llle ",‘f|| 2(0) is bounded by a constant
independent of n,f.
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By virtue of the decomposition (4.17), the proof is complete. O
The following corollaries are immediate:

Corollary 4.2.1. (P *) and (o) ) are uniformly holomorphic in a neighbor-
hood of 0 in BMO whenever y,6 > —%. 0O

Corollary 4.2.2. For y,d > —% , there exists a constant C(y ,d8) such that for
all p € BMO,

(4.44) 1My .82 ° Ol 0 < C DAL, D

5. AN APPLICATION TO THE TODA FLOW

Let du be a nonnegative measure on [—1, 1] which is absolutely continuous
with respect to Lebesgue measure; for example, du may be Lebesgue measure
weighted by a Jacobi weight. Following the notation of §2, for n € N, let H, (0)
denote the set of polynomials of degree at most »n, considered as a subspace
of L(0) = L*([-1,1],du). Let w be a fixed nonnegative real-valued function
such that o> + w2 € L'([-1,1]),du); write B =logw € L'([-1,1],du).
For each ¢ in a neighborhood of 0 in R, we consider the Gram-Schmidt proce-
dure in the space L(tf) = Lz([—l , 1] ,wz’d,u). Specifically, we let (p, ,(x):n €
N) denote the orthogonal polynomial system on L(zf) obtained by ‘applying
the Gram-Schmidt procedure to (1,x ,x2 ,...). For t # 0, it is easily seen
that (p, ) arises also by applying Gram-Schmidt to (p, ’0) ; and, in fact,

p. = {S,,(tﬂ) _Sn_l(tﬂ)}p,, 0
S, (tB) = S, (1B}, ollLp)

The polynomials (p, ) satisfy the following three-term recurrence (see, for
example, [10, §3.2]):

(5.2) xp, ‘,(x) =A,_,(p,_, ,,(x) +B,(t)p, ’,(x)+An(t)anrl ,,(x) , neN,
where we let p_, (x)=0=4_,(s), and, for n€N,

(5.1)

1
(5.3) 4,0 = [ (M0, YN M 1,0 Ju(x)

! 2
(5.4) B,(0)= [ ((M,p, ) duco).

The Gram-Schmidt process can be done so that 4,(f) > 0 forall n € N. It
is easy to see that, for n € N and ¢ € R, |4,(¢)|, |B,(t)] < 1. We note for
future reference that, by (5.1),

{Q,(tB) - Q,_,(tB)}M,p, )

(5.5) M.p

Pt = Q,(tB) = 0, BN M 0, Pl
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Let li denote the complex Hilbert space of square summable sequences; i.e., a
sequence (a,) is in Ii

(5.6)

the inner product on li

(5.7)

The mapping L:L(t8) —
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if and only if
— 2
(@Ml = _la,l” < oo;
n=0
is given by
el —
= Z ab,.
n=0

L(tB) given by L f(x)

linear transformation on 12 given by the matrix

(5.8)

J(t) =

\

4,(t) By(1) A;(0)

= xf(x) induces a bounded

(Bo(t t) 0 0 \
Ay (1) Bl Ay 0 .
0 A, () By(r) A,(»)
0 0

7

J(t) is an infinite, symmetric, tridiagonal matrix with strictly positive off-

diagonal elements, i.e., a Jacobi matrix. The mapping ¢ — J(t) defines a flow
on the space of Jacobi matrices, which is a generalized infinite-dimensional
-Toda flow of the type studied by Deift, Li, and Tomei in [4], especially §5.
Deift et. al. have asked for a characterization of those functions w for which

the flow J is analytic in a neighborhood of 0 in R. As an application of our
earlier work, we can now give a partial answer to their question. We remark

that the analyticity of the flow J is essentially equivalent to the analyticity of

the Gram-Schmidt process relative to measures of the form w*d poon [—1, 1]
Let us be more exphclt about the operator J(t) on 1 Suppose that f =

(fo,fl ,f2, )8 =1(8,8,8,---) € l+,f and 2 give the Fourier coeffi-
cients for functions f,, g, € L(¢f) defined by

[ ] [o ]
(5.9) f;=2f;(pk,t’ gt=zgkpk,t'

k=0 k=0
Then we have
(5.10)

(O], 8) = By(1) fo&o + 40, &
+ Z{Ak(t)fk§k+l + Bk+1fk+1§k+l + Ak+1(t)f;<+l§k+1} .
k=0

We state our question about the analyticity of J precisely, as follows. We
would like to know: under what conditions on @ is it possible to extend J to
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a neighborhood U of 0 in C, in such a way as to insure that the extension J
is a holomorphic map from U to the space .& (Ii) of bounded linear operators

on Ii ? By virtue of (5.10), we see that it suffices to obtain conditions on
which will insure that there is a neighborhood U of 0 in C to which, for each
n € N, the functions A, and B, canbe holomorphically extended to functions
of modulus <1.

The extension of 4, and B, to complex values is easily effected by defining,
for zeC,

{0 -0, AN M,p, )
G Muby - =10, BY - 0, GAYM,.», ,o)u,,(o) :

the extension is meaningful whenever the extension of (Q,) to complex-valued
functions is meaningful. Since the L(0)-norm of (5.11) is 1, it follows from
(5.3) and (5.4) with z in place of ¢ that |4,(z)|, |B,(z)| < 1.

In fact, it suffices to obtain conditions on @ which will guarantee the exis-
tence of a neighborhood U of 0 in C such that the mapping z — M .p, 2 is
a holomorphic map from U to L(0) for each n € N. In the remainder of this
section, we will do this in the special case in which du is Lebesgue measure
weighted by a Jacobi weight wi > Where 7,0 > -1

We shall make use of the notation established in §4. For n € N and x €
[-1,1], we let

PY(x)

(7.9) _
(5.12) p, (x)= ||P(" 5
n

Iz,

denote the nth normalized Jacobi polynomial. We begin with the following
result:

Lemma 5.1. Suppose B € BMO and let w=e?. For neN, y,0 > —-, and
ze€C, let

,0 (v ,0)
(5.13) F(z)=M,.p,".

Then there exists a neighborhood U of 0 in C, and a constant K > 0, such
that for each n € N, F) ® is an analytic function from U to L, 5(0), and for
all zeU, ’

P
(5.14) IF, (DN, 0 S K-

Proof. By virtue of (4.20), (4.21), and [10, equation (4.3.4), p. 68], we see that
there is a constant K(y,d) such that, for n €N,

K@, 0)(1+x+n 30 xel-1,0],

K(7,0)(1-x+n)"3)7"*4 xelo0,1].

(5.15) Iy (0l < {
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Now note that if r,s>1 and 1/r+1/s =1, we have

1 1/r
(5:16) 1F (@)l o< ([ 106010 =51+ 07dx)

1/s
x (/—11 P72 0 (1 - %)’ (1 +x)"dx)

by Holder’s inequality. Now we have, by (5.15), for n > 1,
(5. 17)

/lp‘“” (1 = x)(1+ x)dx

1
<K, | 1-x+n"H7 (1 - x)dx
0

1—n—" 1
<2’M'K(y,6) {/ (1—x)7" gy +/ n?st(1 - x)ydx}
0 1—n—2

1 n—-
— 26+1K(y ) {/ ’y—ys—s/2+ydy +n2y:+s/0 yydy} )
n-2

If y= —— , the rightmost expression in (5.17) becomes
1
(5.18) 2K, 0" [ Yy =+ )T KG 0.

If y > —% and 1 <5< (2+2y)(1 +2y)_l , we have —ys—s/2+y > —1,s0
that the rightmost expression in (5.17) is dominated by

d+1 2s 2 1

Thus it is not difficult to see that for y,6 > 1 and for s satisfying 1 <s <

min{(2 + 27)(1 + 2y)~", (2 + 26)(1 + 26)'}, there is a constant K,(y,d,s)
such that for all n € N,

1/s
(5.20) (/_ll 72 0P (1= %) (1 + x)"dx) <K, (7,6,5).

For any such choice of s, let r be the conjugate exponent to s. By Lemma
4.1, there exists a neighborhood U, of 0 in C such that, forall ze U,,

(5.21) lo(x)* (1 = x)' (1 +x)°

isan A4, weight, hence integrable on [~1, 1]; in fact, using the characterization
of A, given in the proof of Lemma 4.1, it follows that for z € U,

(5.22) /_ ll lo(x)2|(1 = x)7(1 + x)°dx

is bounded above by a constant independent of z. Thus there is a constant K
such that for all z € U, and for all n € N, we obtain (5.14).
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Now note that

d
(5.23) —F *(2) = MyM,.p"";

as before, if 1 <5< min{(2+2y)(1+2y)_l ,(2+26)(1+25)"'} and 1/r+l/s =
1, we obtain

(5.24) “—F” z)

L; 5(0)

1 1r
K,(7,6 ,s)( [ et i -5y 1+ x)"dx)

1 1/r
<K(y,0 ,s)(/_l exp(4r|zB(x)|) - (1 —x)"(1 +x)6dx> .

Again, there is a neighborhood ¥, of 0 in C such that, forall z € };

1
(5.25) / exp(4rlzB(x))) - (1 — x)' (1 + x)°dx

is bounded above by a constant independent of z. If we take U = U; N}
the lemma follows. O

Now suppose g is a fixed function in BMO, w = e* , 7,0 > —%. For
z € C, define

y.,0 o M. ()',5))
5.26 1 00— (@ (2B) ~ 05\ (zB)}(M,p, _
- s TG @B - G My D,

By Corollary 4.2.1 and Lemma 5.1, there is a neighborhood U, of 0 in C,
and a constant K, > 0, such that for n € N, the map

(5.27) 2 {02 °(2B) - Q12 (2B} (M0l
is an analytic function from U, to L, 5(0), and forall ze U,,
(5.28) Q" (28) - @)% (= ﬂ)}(Mw:p,‘,’ N, 0 <K -

In particular, this implies that the family of maps (5.27) is continuous on U,
uniformly in n. Now note that

8 0 0 K
(5.29) Q)0 - @2 (ONpy ) =pY
so that, for z = 0, the denominator in (5.26) is identically 1. Thus there is a

neighborhood U, of 0 in C, and a constant K, > 0, such that for all z € U,
and forall neN,

(5.30) K} (2B) = @, (2B)}(M,,.0Y I, 0 > K, -

From this, then, it follows that there is a nelghborhood U of 0 in C such that
the mapping

(5.31) ze M,.p"7
is holomorphic from U to L, 5(0) for each n € N. Consequently, we obtain
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Proposition 5.2. Let y ,0 > —4,let B € BMO, and let w = e’ Let t — J, (1)
denote the Toda flow corresponding to the Gram-Schmidt process relative to the
measure

(5.32) w(x)*(1 = x) (1 +x)°dx

on [—1,1]. Then there is a neighborhood U of 0 in C to which J, s may be
extended to a holomorphic map .7/ s U—Z (li) .o

6. UNIFORM ANALYTICITY ON THE CIRCLE, REVISITED

In §4, we showed that, for y,d > —% , the family (P,f "5) of conjugated partial
sum operators for Jacobi series is uniformly holomorphic in a neighborhood
of 0 in BMO. We conjecture that, in fact, BMO is the space of uniform
holomorphy at 0 for (P,f "s). Owing in part to the complicated form which

the kernel of P,;’ ° takes, this conjecture will be somewhat more difficult to
establish than the analogous results for the partial sums of Fourier series which
we obtained in §3.

There are a number of classical results on the equiconvergence of Jacobi
series with cosine series (for example, [10, Theorem 9.1.2]), which lead us to
consider, as a preliminary step, the problem of determining the space of uniform
holomorphy at 0 for the conjugated partial sums of cosine series. In this section,
we shall show that BMO([0, n])—i.e., the space of even functions of bounded
mean oscillation on T—is the space of uniform holomorphy at 0 for conjugated
partial sums of cosine series.

We will use the notation established in §3, with some additions and modifica-
tions. Let Z(O) = Lz([O ,m],d0) and let w be a nonnegative weight function
on [0,m] such that w, w' e f,(O); write f = logw. For each n € N,
let fI”(O) be the span of (1, cosf, cos2f,...,cosnf) in Z(O). We define
L(B) = L*([0,7],0%()d6) and let H (B) denote the closure of H,(0) in
L(B). We let S, (B) be the self-adjoint projection of L(f) onto H, (), and
then define

(6.1) 0,(8)=M,S,(BM,",

(6.2) P(B)=M,S,0)M"

A function b e L' ([0,7],d6) is an element of BMO([0,7],d6) if and only
if

(6.3) |16l =sup|l|”" /Ib(X) —m(b)ldx = supm,(|b — m,(b)])
I 1 I

is finite, where the supremum is taken over all subintervals /I of [0,n]. We
shall abbreviate BMO([0,n],d0) to BMO, (the subscript ‘e’ stands for
‘even’) .




ORTHOGONAL PROJECTIONS 805

Now suppose that g € Z(O) , and let 2 be its even extension to [—7m, 7).
Then

(6.4) 5,0 =S,0¢

[0,7]
so that, for 6 € [0, 7],

(65 15,040)= 5 [ D0.wawidv =3 [*D,0.wew)dy

where, for y € [0, n],
D,0,w)=D,(0,-w)+D,(0,y)

(6.6) _sin[(2n+ 1)%5¥] . sin[(2n + 1)%5¥]
~ sin(%3¥) sin (%4¥)

Letting Z (0) denote the space of bounded linear operators on Z(O) , we obtain
the following as an immediate consequence of our work in §3:

Proposition 6.1. (ﬁn) and (én) are uniformly holomorphic families of mappings
from a neighborhood of 0 in BMO, to £(0). O

To prove that BMO, is actually the space of uniform holomorphy at 0 for
(ﬁn) and (Q,), it suffices by Corollary 2.2.2 to show that # € BMO, is a neces-
sary and sufficient condition for boundedness of the set {||[M 5 >S5, (0)]l] S0 "€

N} . To gain some intuition for this problem, we first consider a somewhat sim-
pler problem involving “partial sums” of Fourier transforms on R.

For feL' (R), we define the Fourier transform and its inverse according to
the normalization

61 J@= [ rmax, o =g [ e,

For each positive integer n, we define the operator T, (0): LZ(R) — L2(R) by
setting

(6.8) T,000f = (fXin )’

for felL® (R). T,(0) is a convolution operator, with kernel
|

(6.9) K, (x)= oy Simnx.

We define the operator Tn(O):LZ([O ,00)) — L2([O,oo)) as follows: for g €
L? ([0,00)), let g denote its even extension to R, and define

(6.10) T,0)g =T,(0)

[0,00)

For x € [0,00), we have

6.11) (T, (0))g(x) = /R K,(x - y)2()dy = /0 TR (x,9)e)dy
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where
K,(x,y) =K, (x = y) + K,(x +)
(6.12) _ 1 f(x+y)sinn(x—y)+ (x —y)sinn(x +y)
I X2 — 52 :

The operators T7,(0) and fn(O) are the continuous analogues of S, (0) and
S,(0) , respectively. Now suppose that w = e? isa nonnegative weight function
on R such that o’ + 0> € L, (R), and define T,(8) = M, T,(0)M,"'. We

loc
obtain the following continuous analogue of Proposition 3.1:

Proposition 6.2. The quantity sup(||7, (Bl » 2yt =1,2,3,...) is finite if
and only if w’ e A,.

Proof. This is the content of Corollary 3.1.2, Chapter 4 of [5]. O

Corollary 6.2.1. (T,) is a uniformly holomorphic family of mappings from a

n
neighborhood of 0 in BMO(R) 10 Z(L*(R)).
Proof. Completely analogous to that of Corollary 3.1.1. O

Corollary 6.2.2. (Tn) is a uniformly holomorphic family of mappings from a
neighborhood of 0 in BMO([0,00)) to Z(L*([0,0))). O

It is left as a straightforward exercise for the reader to prove the continuous
analogue of Proposition 3.2 (i.e., with T, (0) in place of S,(0)). It is the proof
of the corresponding result for Tn(O) that is of greatest interest to us here. We
shall begin with an extremely useful lemma.

Let 1 < p < oo. A nonnegative weight function w on R is said to belong
to the class 4, if and only if both w and w /P~ are locally integrable, and
there is a constant C > 0 such that for all subintervals I of R,

(6.13) (|1|‘l /lw) (|1|‘I /Iw"/“’“’)p_' <cC.

The smallest constant for which (6.13) holds is called the 4, constant of w.
It is worth noting here that

(6.14) 4= N 4, 4.= U 4,

1<p<oo 1<p<oco
(see, for example, [5, Chapter 4, Theorem 1.14 and Corollary 2.13]). Our lemma
is as follows:

Lemma 6.3. Suppose w € A and b € LIIOC(R). Suppose, moreover, that there
is a constant K(b) such that, for all subintervals I of R,

(6.15) w(l)™ /1 1b(x) — m, (b)w(x)dx < K(b)

where

(6.16) w(l) = /w(x)dx.
1
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Then b € BMO(R), and ||b||, < C(w)K(b), where C(w) is a constant depend-
ing only upon w .

Proof. Since w € A, it follows from (6.14) that there is a p € (1,00) such
that w € 4 - Now let I be a subinterval of R ; we have, by Holder’s inequality,

(6.17) /1 1b(x) — m, (b)ldx

< </I|b(x) - m,(b)lpw(x)dx>l/p(/lw(x)_l/(p_”dx>(p_l)/p.

It is not difficult to see that there is a constant C; depending only upon p such
that

p /e I/p
(6.18) </1|b(x)—m,(b)| w(x)dx) < Ciw(I)""K(b)

(see, for example, [5, Chapter 2, Corollary 3.10]). Moreover, if C, is the Ap
constant of w , we have

(p—1)/p
(6.19) ( / w(x)"/(”‘”dx) <P \nw™'”.
1
Combining (6.17)-(6.19), and letting C(w) = C, Czl/” , we have
(6.20) /|b(x b)|dx < |I|C(w)K(b)

from which the result follows. O
We make use of the lemma to prove

Proposition 6.4. There exist constants C, ,C, >0 such that
(6.21) GBI, < supll[ 5> To(0)]lly, < G,lIBII,

forall B e L,oc([O ,00)), where ||-||, denotes the norm on BMO([0,0)), and
II-1l,, denotes the norm as an operator on L*([0,0)).

Proof. The existence of C, with the requisite property is immediate from
Corollary 6.2.2. To establish the existence of C,, we make use of Lemma
6.3. For x €[0,00), let w(x)=x"; w isan A_ weight. We shall show that
there exists a constant u > 0 such that for all subintervals I of [0,00), and
forall g€ Lloc([O ,00)),

(6.22) w(I)™ /, 1B(x) — my(B) w(x)dx < uC?,
where
(6.23) C = sup||[My , T, (0)lll,,-

The result is then immediate from the [0, c0)-version of Lemma 6.3.
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Let I be a subinterval of [0,00) and let x € [0,00). Define the function
fi= f,yx . Dy setting,

(624)  £,(0) = x,0a(x" =y*)cosny = 2, ()5 (x* = y*)(e™ +e™™)
for y € [0,00). Note that, for y €I,

(6.25)
1 (x+y)sinn(x —y) _ 1 in(x—y) __—in(x=y)y iny | _—iny
7 xz_yz f:\»(y)—ﬂ(x*'y)[e —€ ]( +e )
— 4il(x + y)[einx _ e—inx _ ein(2y—x) + e—in(Zy—-x)
1 . 1 .
= i(x +y)sinnx + E(x +y)sinn(x - 2y),
(6.26)
1 (x —y)sinn(x + —in —in
;f( )21 ( )")f (y) = (x y)le in(x+y) _, (X+y)]( ny 4 e %)
X —y
_ Zl'(x _ y)[einx _ e—inx _ e—in(2y+x) + ein(2y+x)]

= %(x —y)sinnx + %(x —y)sinn(x + 2y),
so that, by (6.12),
K,(x,y)f.(y) = {xsinnx + (x + y)sinn(x — 2y)
+3(x = y)sinn(x +2y)}x, ()

= {xsinnx + xsinnx cos 2ny — y sin2ny cos nx}x,(y).
Combining (6.11) and (6.27), we obtain
(6.28) N

{[My,T,(0)1f,}(x) = xsinnx|I|(B(x) — m,(B))

+ xsinnx /0 ” cos2ny(B(x) — B(»))x,(v)dy

—cosnx /Ooo ysin2ny(B(x) — B())x,(y)dy .

As in the proof of Proposition 3.2, we apply the Riemann-Lebesgue lemma and
Fatou’s lemma to see that
(6.29)

Tm [ WM, T, 0113 (o) dx = T [ 5*sin’ nxl1\Bx) = m (B)dx
= 31 [186) = m, (B Pz

where we have used the fact that sin’ nx = $—4cos2nx.
Now suppose X, is the midpoint of 7, and suppose further that x, > 2|/|.
By (6.24), we may write

(6.30) L) = xo) x,(y)cosny+( L x,(y)cosny
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so that
(6.31) {(M,, T,0)1f}(x) = (x* - xo) {IM, , T,(0)]h,}(x)
+ 5M,, Tn(O)lhz}(x) :

where
(6.32) () = x,(v)cosny,  hy(¥) = (xg = ¥*)x,(y) cosny.
If x> 2|I|, then, for ye1,

3 5
(6.33) %sxo—gsmxﬁ%s%,

so that, in particular,

(6.38) (P —xP = -x) ' +x,)" < (1°/8)(81xZ/16) < 2x2 |1

Consequently,

(6.35) A, i3 <111,

(6.36) Iy 12 < /1 220 dx = 217,
9

(6.37) wt) = [y gexgin.

Thus, by (6.23), (6.31), and (6.34)-(6.37), we have
16 2

(638) / KM, , T, 01} () "dx < 2°xglI’C < Fa’Cw(DIIT.
Thus, by (6.29)
(6.39) w(l)™" / 1B(x) — m,(B)|*w(x)dx < %nzcz.
1

If, on the other hand, }|I| < x, < 2|I|, we write
(6.40) L) = xz%x,(y) cosny — yzgx,(y) cos ny
so that
(6.41)

(M, T,(01£,3(x) = X 2{IM, , T, (001, }(x) - S{M, , T, (lwh }x).

Now we have
(6.42) wit) = [ vy = §{(x+ 41)° - (- 411)°}

%{3x0|1|+ L }
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(6.43) Ayl < 11,

(6.44) w1 < [ ydy < 4P

Noting that, for x € I, x < 3|I|, we have

645) [ KM, T 01} dx < 102°Cf* < 1208 Cru I,
by (6.23) and (6.41)-(6.44). Hence, by (6.29),

(6.46) w(l)~ / 1B(x B w(x)dx < 240n°C*.

Thus, combining (6.39) and (6.46), we obtain (6.22) with u = 2407%. This
completes the proof. O

Cgrollary 6.4.1. BMO([0,00)) is the space of uniform holomorphy at 0 for
(r). 0

n

The proof of the periodic analogue of Proposition 6.4 is only slightly more
complicated, but the basic idea is the same:

Proposition 6.5. Suppose p € L? ([0,n]). Then

(6.47) C =sup|l[My .S, (0)]l] 5,4 < 00

if and only if p € BMO, .
Proof. The sufficiency of f € BMO, is an immediate consequence of Propo-
sition 6.1. We shall prove that (6.47) implies f§ € BMO, by using the [0, ]-
version of Lemma 6.3.

For 6 € [0,n],let w(f) = sin’ 0/2; w isan A_ weighton [0,7r]. We shall
show that there exists a constant u > 0 such that whenever I is a subinterval

of [0,n] with |I| < m/400, and whenever f € L'([O ,m]), there is a constant
¢,;(B) such that

(6.48) w(n)™ /, 1B(8) = ¢;(B)*w(8)d6 < uC?.

The result then follows from the [0, z]-version of Lemma 6.3 together with [5,
Chapter 1, Lemmas 9.4 and 9.5].

Let I be a subinterval of [0,n] with |I| < n/400, and let 6 € I. Define
the function f, = f, , , by setting, for y €[0,7],

0+w>

(6.49)  f,(w) = 2x,(w) cos [(2n +1 ”’] sin ( 5 "’) sin ( -

= x,(¥) {exp [i(2n + 1)7] + exp [_1(2” + 1)%]}

. (0—w\ . [0+y
XSlIl( 3 )sm( 3 )
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A straightforward calculation using (6.6) shows that

(6.50) l~)n(0 W) fo(w) = 2sin [(Zn + l)g] singcos% +®(n,0,y)

where

®(n,0,w) = sin [(2n+1)(0 2*”)] ( )
(6.51) +sin [(2n+l)( 22“’)] in ( . )
For y €[0,n], let p(w)=cosy/2, and set
(6.52) o= [ owray.

Then, by (6.5) and (6.50),

(6:53) (1M, .5, 01546) = 55 [ B,(0.v) ;0 )(B6) - Bw)av

n

+ % /, ®(n,0,v)(B(6) - B(w))dy,

in | (2n-+ 1)3 | sin p(DIB(®) - c,(B)

where

(6:54) (8= o)™ [ Bwpw)av

and, by the Ricmann-Lebesguc lemma,

(6.55) lim 3= [ ®(n.0.v)(8(6) - Bw))dy =o.

Applying the Riemann-Lebesgue lemma and Fatou’s lemma in by now familiar
fashion, we obtain

(636) Tm [ 1M, .5,01/,}0) do
= m L) / sin [(2n+l) ]Iﬂ(@)——c,(ﬂ)l w(6)do

n—oo nz

- z—nzp(n /, 1B(6) - c,(B)*w(8)d8

where we have used the fact that sin’[(2n + 1)2] = 1 — L cos[(2n + 1)6].
Now suppose y, is the midpoint of 7. We shall consider five cases:
(i) 7/200 > 2|1| > yy;

(ii) 7/200 > y, > 2|1|;

(iii) 7/200 < y, < 1997/200;

(iv) m/200 > 2|I| > = — y, ,i.e., 1997/200 < m —2|I| < 3
(v) /200 > &t — y, > 2|I], i.e.,, 1997/200 < y, < — 2|I|.
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We begin with:
Case (i): m/200 > 2|I| > y, . The addition formula for sines show that

. (O0+w\ . [(O0—vw 20 oy 2y 20
(6.57) sm( > >S1n(——2—)—S1n 5 €OS 7—sm 3cos 5

= w(0)p (W) — w(w)p’(6).

If we let

(6.58) A, (w) = 2cos [(2n + 1)%] 2,(¥)

then, by (6.49),

(6.59) f,() = w(0)p* (WA, (w) - P (Ow(W)A,(v)

so that

(6.60)

{IM S (0)1£,1(0) = w(8){[M 0)]/) A,3(0 0){[M S (0)JwA, }(0).
Itis easﬂy seen that there exist constants C,, C2 R C3 >0 such that, for y €1,
(6.61) Clyl’ <ww) < Gly* and C<p(y)<1.

Thus we have

(6.62) 1| > p(I) = G,|IT,

(6.63) 1P, 12 < /, p(w)dy <|I|,

(6.64) I, I < €} [w'ay = cHn)* < 20057,

(6.65) wi) 2 €, [V e,

where the estimation (6.65) is exactly like (6.42). Note also that, for w €1,
(6.66) w(y) < Glvl* < B |1’

Then we have

(6.67)

JRUARROTATE
< /, WO LM, . 5,000°4,0)7d0 + [ 1M, .S, Ok, }O) do

212 2 2 2 2 2
< [ZTSC2|I| ] CC ANl + €7 - Jlwa, Il
< K,w(l)p(1)’C*

where K, is independent of 8,7, and n. Combining (6.56) and (6.67), we
obtain

(6.68) wd)™ /1 1B(6) — ¢,(B)w(6)d6 < 27°K,C*.
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Case (ii): 7/200 > y, > 2|I|. In this case we write
(6.69)

(0= . 0‘W0+W0_V/>
Sln( 3 )-—Sln( 3

_n (0% Vo= ¥\ . (Vo ¥ 0—%)
—sm< D) )COS( 3 )+s1n( 3 Ccos 3 s

. (O0+y\ . 0 7 6. v
(6.70) s1n( > )-smfcos5+coszsm7

=w'(0)p(y) + p(O)w'* ().
If we let wé/z((i) = sin(o—‘zi‘iﬂ) » Po(0) = cos(—‘zm) , then we have

(6.71) sin (0; W) sin (0 _2 W)
[w'(8)p(w) + p(O)w' (W), > (8)py(w) — w,'* (W) 9y ()]
= (wwo)'”(e)(ppo)(w) (W' pe)(O)(pwy*)(w)
+ (w2 p)(0)(pyw'*) (W) — (Ppg) (8) (wwy)*(w)
so that, by (6.49), (6.58), and (6.71), we have
(6.72)  {[M;,S,(0)1/,}(6) = (wwy) "*(6){IM; . S, (0)1A, PP} (6)
- (' p)(0){[M,,§ (omnpwg”}(e
+ (w2 p)(O){IM} , S, (0)1A, p,w"*}(6)
— (pPo)(O){IM, ,S,,(om,,w”zwé’z}(f?).

Since y, and |I| are small, (6.61) continues to hold for y € I, and hence
(6.62) holds as well. Moreover, (6.61) holds for w,, p, in place of w,p. As
in (6.33), we obtain

1/2 1/2

3y, Sy,
(6.73) TSWST, yel.
Thus we have:

9

(6.74) w(l) 2 1€, wall|.
For w € I, we have
(6.75) l(wwy)' (W)l < 3C,w, 11,
(6.76) w2 o)Wl < 3C,
(6.77) lwy 2 p)(w)l < L&A,

(6.78) l(ppe)(W)I <1,




814 R. R. COIFMAN AND M. A. M. MURRAY

and so we have

(6.79) 14, (wwe) |13 < BCwalll’

(6.80) 14, (' po)ll3 < BCywo ),

(6.81) 12, (wy* )y < 3G,1IT,

(6.82) 14, (po))II3 < 1.

Thus, by (6.62), (6. 72) and (6.74)-(6.82) we have

(6.83) /|{[ (0)1,}(0)d8 < KCHIYE < K,CPw(l)p(I):

where K ,K, are independent of f,7,n. Combining (6.56) and (6.83), we
obtain

(6.84) w(I)™" /1 18(6) - ¢,(B)|*w(6)d6 < 27°K,C’.

Case (iii): n/200 < y, < 1997/200. Exactly as in Case (ii), we obtain the
expression (6.72). For this case, we observe that the functions w , Py, and p
behave essentially as constants. Moreover, there is a constant C, such that for

vel,
(6.85) lwy(w)| < C,lII*.
Thus we have
(6.86) w(l) ~ 1|,
(6.87) P ~ I,
1/2 2
(6.88) |14, (ww) ”2 <7,
(6.89) 14, (g p)ll3 < 111,
(6.90) 14, (wo'*p)II3 = 1117,
(6.91) 12,(ppo)l15 < 1]
so that, combining (6.72) and (6.85)-(6.91) we have
(6.92) | 1, 5, 015300 d0 < K, Cumpury
where K, is independent of g ,I,n. Combining (6.56) and (6.92), we have
(6.93) w()™ / 18(6) — ¢,(B)'w(6)d6 < 27°K,C*.
1

Case (iv): m/200 > 2|I| > m — y,,. This case is in certain respects analogous to
Case (i). Using the fact that sinx = sin(n — x), we write, as in (6.57),

(6.94)

Sin<9*2"//>sin<9—2'//>=Sin[(7t—0)+(7t—y/)]sin[(n—@);(n—w)

2
= w,(0)p3(¥) — w (¥)py(6)
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where w_(y) = w(n - y), p,(¥)= p(r— ). Thus we obtain (6.60) with w,
in place of w and p, in place of p. The estimate involving w, and p, are
essentially the same as those involving w and p in Case (i). Moreover, it is
easy to see that w(I) ~ |I| while p(I)> = |I|*, so that w(I)p(I)* = |I|> . Thus,
by essentially the same argument as in Case (i), we have

(6.95) w(I)™! /1 18(6) — ¢,(B)|*w(6)do < 27°K,C’
where K, is independent of 8,1 ,n.

Case (v): m/200 > m — y, > 2|I|. This case is analogous to Case (ii). We write

. (06—
(6.96) sin (252) = w2000 - w3 "Wy 0)
(6.97)
sin (“TW) = sin [(n ; ., ; W)] =w,(0)p,(¥) + p,(O)w) (w)
and, as in Case (ii), we obtain (6.72) with w, in place of w and p, in place
of p.

Geometrically, / is a “mirror image” across ¥ = n/2 of an interval of the
type considered in Case (ii). Consequently, we obtain estimates of the form

(6.98) pz(m—y)lll, wd)~|I,
(6.99) lw,wy) 2w <1 foryel,
(6.100) lw)?p)w) <1 foryel,
(6.101) l(wy*p )W) = (x = wpll| foryel,
(6.102) [(prP) (W) = (m—y,) foryel
so that

(6.103) 1A, (w,wy) 212 < 1117,

(6.104) 14, (wy 2 po)lI3 < 11,

(6.105) 14, (ws? o I3 < (7 — wo) I,
(6.106) 14,(PPo)Il5 < (7 — o) ).

Thus we have

(6.107) /, M, ,S,(0)11,}(0)*d6 < K'C*lI (n - w,)* < KsC*w(I)p(1)’

where K’ K, are independent of 8 ,7,n. Combining (6.56) and (6.107), we
obtain

(6.108) w)™ /, 1B(6) — ¢,(B)|*w(6)do < 27°K,C*.
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We have now considered all possible cases. If we take d = 2’ max, ;s K,
we obtain (6.48), and the proof is complete. O
Corollary 6.5.1. BMO, is the space of uniform holomorphy at 0 for (Fn) and
(Q,). o

We also obtain the following result for partial sum operators on [—1,1]:

Corollary 6.5.2. In the notation of § 4, BMO is the space of uniform holomorphy
at 0 for (P77 and (Q;’/Z"l/z) .

n

Proof. By Corollary 4.2.1, it suffices to show that
-1/2,-1/2
(6.109) C =sup||[M, .S, /2.~ O)llg,, ) <

for BeL'([-1,1],(1 - x*)~"dx), only if B € BMO.

For fe L_, ,_1/2(0) and 0 € [0, 7], define Uf(0) = focos(f). It is easy
to see that U is an isometry from L_, 2.-1 /2(0) to Z(O). By virtue of this
isometry, we see that the family (z,:n € N) of Chebyshev polynomials, defined
by

(6.110) t,(x) =cosnb, X =cosf

is an orthogonal polynomial system on [—1,1] relative to (1 — xz)_'/ 2 (cf.
[10], §§1.12 and 2.4). In particular, we see that

(6.111) ST 0) = uT'S (0)U
so that
(6.112) (M, 8,27 200 = U [ My, S, (0)]U.

Since U,U™" are isometries, (6.109) and (6.112) imply that focos € BMO, .

Now suppose I = [a,b] is any subinterval of [—1,1], and let w(x) =
(l—xz)"/2 ; clearly w isan A4 weighton [—1,1]. Let J = [arccos b, arccosa];
then we have

(6.113) w(I)_l/llﬂ(x)—m,(ﬂocos)|w(x)dx

=11 [ 180 cos(6) ~ m, (8 o cos)dt < 18 ocosL..
J
Thus B € BMO by the [-1, 1]-version of Lemma 6.3. O
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